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Machine Perception
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Instructor: Lingjie Liu
Lec 1: Jan 15, 2025

1Based on slides by Dinesh Jayaraman and  Kostas Daniilidis



Learning Outcomes
• Firm knowledge of fundamentals of geometric computer vision from single and multiple 

cameras, some image processing, and (if time permits) some deep learning for geometry
• Understanding of challenges: why algorithms work or do not work
• Ability to perform as a vision engineer in vision and robotics companies

Prerequisites: mainly undergraduate linear algebra (e.g. vector & matrix products, 
inverses, determinants, solving systems of linear equations, eigenvectors), and some high 
school Euclidean geometry



CIS 580 Machine Perception Spring 2025
• Resources: 
 Canvas
 Slides & readings 
 (-> Recordings, Ed, Gradescope)



Instructor Introduction

Lingjie Liu
Assistant Professor, CIS

Penn CG lab and GRASP lab

https://lingjie0206.github.io/

https://lingjie0206.github.io/


My Research Interests

• Reconstruction of Real-world Dynamic Scenes. 
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My Research Interests

• Reconstruction of Real-world Dynamic Scenes. 

Geometry  
+ Appearance

Motion  
+ Deformation
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My Research Interests

• Reconstruction of Real-world Dynamic Scenes.

3D Reconstruction
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My Research Interests
 Image Synthesis of Real-world Scenes with 3D Control.
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My Research Interests
 Image Synthesis of Real-world Scenes with 3D Control.
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My Research Interests

• Image Synthesis of Real-world Scenes with 3D Control.

3D Reconstruction Image Synthesis
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My Research Interests
 Large-scale 3D Scene Generation 
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My Research Interests

• Large-scale 3D Scene Generation 

3D Reconstruction Image Synthesis

3D Scene Generation
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Grading Scheme
• 5x Homeworks: 60%
• Midterm: 20%
• Final Exam: 20%
• Possible bonus for extensive in-class participation (up to 5%)
 I need your interaction and questions. Do not let the communication become one-

way! Interrupt at any time.

• Lenient letter grades. The only way to fail this class is to violate the honor code (cheat, 
plagiarize)
 Zero Tolerance. Think before you act: One homework or one question in a midterm is 

unlikely to affect your final letter grade.



Waitlisty
• A delay of 2-3 days for the system to reflect the approval on your end after I process 

your request. Please be patient.



Course Team Spring’ 25
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How to Speak With The Course Team
Go to office hours! 

- Each of the TAs will have 1 hour of OH each week. 

- I will also have 1 hour of OH each week. 

- Starting from the week of Jan 27 
(PS: No class next Monday)





Lec 1: Perspective Projection



Geometric Perception Pipeline

Images/Video Edge Features

Point Features

Grouping into lines/curves

Correspondences/Optical Flow

Rigid Motion Groupings/Inliers

3D-3D pose 2D-3D pose

Bundle Adjustment/ Visual Odometry / SLAM

2D-2D SfM/Discrete/Cont.

World map/ Landmarks Global Camera Poses

(maybe)
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What is a camera?

Most basically, an imaging sensor, and a lens



But real cameras hide many complex details!
• Compound lenses containing many 

plastic / glass components
• Moving lenses for autofocus
• Lens distortions etc.

For the most part, we can ignore 
these complex optics when studying 
geometric vision, and then deal with 
them through minor corrections 
afterwards.

https://insightsolutionsglobal.com/camera-module-definition-and-types/

https://insightsolutionsglobal.com/camera-module-definition-and-types/


Introduction to Perspective 
Projection



Perspective Projection => Pinhole Camera Model

Wikipedia

This is a good model for a camera with a lens, 
as long as the “aperture” is small.

“Alhazen” Ibn al-Haytham, 12th century Iraq



Pinhole camera model (visualized in 2D)

𝑦𝑦 = −𝑓𝑓
𝑌𝑌
𝑍𝑍

Image plane

𝑍𝑍

𝑌𝑌 𝑓𝑓

f = distance of camera center from image plane

Camera 
center

Object

Note how we are expressing all positions like 𝑌𝑌,𝑍𝑍,𝑦𝑦 in coordinates tied to 
the camera. We will revisit this choice soon.



Pinhole camera model (visualized in 2D)

𝑦𝑦 = −𝑓𝑓
𝑌𝑌
𝑍𝑍

Image plane

𝑍𝑍

𝑌𝑌 𝑓𝑓

f = distance of camera center from image plane

Camera 
center

Object



Pinhole camera model with the image plane in front

Object
Camera 
center

𝑦𝑦 = 𝑓𝑓
𝑌𝑌
𝑍𝑍

𝑓𝑓𝑍𝑍
𝑌𝑌

Image plane

For convenience move the image 
plane in front of camera so that 
objects appear upright. 

Can get rid of the pesky negative sign.

𝑦𝑦



Basic Perspective Projection Equations, now in 3D 

Z&H Ch6

𝑥𝑥 = 𝑓𝑓
𝑋𝑋
𝑍𝑍

,𝑦𝑦 = 𝑓𝑓
𝑌𝑌
𝑍𝑍

Q: what happens to 
sizes of objects as 
you move the image 
plane close or far?

X-axis

Y-axis

Z-axis

x-axis

y-axis

𝑥𝑥
𝑋𝑋

𝑍𝑍
𝑓𝑓



Perspective Projection in Renaissance Art







What properties are preserved by perspective projections?

• Shape?
 e.g. square, circle, etc.?

• Parallelness / Angles?
• Lengths?
• Ratio of lengths?

None of the above!

A projection is only required to preserve “straightness”/”collinearity”. 



Perspective effects

Parallel lines do not remain parallel !



Perspective effects

Objects decrease in size with distance 



ZH Ch6



Dolly Zoom or “Vertigo” Effect: z-motion and Zoom

Goodfellas, Martin Scorsese, 1990 



Foreground

Camera 
center

𝑦𝑦𝐵𝐵 = 𝑓𝑓
𝑌𝑌𝐵𝐵
𝑍𝑍𝐵𝐵

𝑓𝑓𝑧𝑧𝐹𝐹0

Image plane

𝑦𝑦𝐹𝐹𝑦𝑦𝐵𝐵𝑌𝑌𝐹𝐹

Background

𝑌𝑌𝐵𝐵

𝑑𝑑

Dolly Zoom or “Vertigo” Effect: z-motion and Zoom

𝑦𝑦𝐹𝐹 = 𝑓𝑓
𝑌𝑌𝐹𝐹
𝑍𝑍𝐹𝐹



Zoom vs distance…







Human visual system is aware of perspective effects!



Visual Illusion 







Ames Room Illusion

https://www.scientificamerican.com/video/instant-egghead-what-is-the-ames2012-10-09/



Ames Room Illusion

https://www.scientificamerican.com/video/instant-egghead-what-is-the-ames2012-10-09/





Vector Algebra Recap: Dot Products

• 𝒙𝒙 ⋅ 𝒚𝒚 = 𝒙𝒙𝑻𝑻𝒚𝒚 =< 𝒙𝒙,𝒚𝒚 > = ∑𝒊𝒊 𝒙𝒙𝒊𝒊𝒚𝒚𝒊𝒊 = ||𝒙𝒙||||𝒚𝒚|| cos𝜽𝜽𝑥𝑥𝑥𝑥
Output is a scalar 
Measures angles if applied to unit vectors.
Measures projection of one vector onto another: ||𝒚𝒚|| cos𝜽𝜽𝑥𝑥𝑥𝑥 is 

projection of 𝒚𝒚 onto the direction of 𝒙𝒙

• Orthogonality: Two vectors are orthogonal iff 𝒙𝒙𝑇𝑇𝒚𝒚 = 𝟎𝟎
 The equation of a plane in 3D is 𝝅𝝅𝑇𝑇𝒙𝒙 = 𝟎𝟎
 This means the vector 𝝅𝝅 is normal to the plane
 (same reasoning also also applies for a 2D line 𝒍𝒍)

• 𝒙𝒙 ⋅ 𝒚𝒚 = 𝒚𝒚 ⋅ 𝒙𝒙



Vector Algebra Recap: Matrix Products

• 𝑀𝑀𝒙𝒙 =
𝑚𝑚11 𝑚𝑚12
𝑚𝑚21 𝑚𝑚22 2×2

𝑥𝑥1
𝑥𝑥2 2×1

=
𝑚𝑚11𝑥𝑥1 + 𝑚𝑚12𝑥𝑥2
𝑚𝑚21𝑥𝑥1 + 𝑚𝑚22𝑥𝑥2 2×1

• Can be reframed in terms of dot products.
𝒎𝒎1 = 𝑚𝑚11,𝑚𝑚12
𝒎𝒎2 = 𝑚𝑚21,𝑚𝑚22

 Then 𝑀𝑀𝒙𝒙 =
𝒎𝒎1 ⋅ 𝒙𝒙
𝒎𝒎2 ⋅ 𝒙𝒙 2×1


	CIS 580��Machine Perception
	Learning Outcomes
	CIS 580 Machine Perception Spring 2025
	Instructor Introduction
	My Research Interests
	My Research Interests
	My Research Interests
	My Research Interests
	My Research Interests
	My Research Interests
	My Research Interests
	My Research Interests
	Grading Scheme
	Waitlisty
	Course Team Spring’ 25
	How to Speak With The Course Team
	Slide Number 27
	Lec 1: Perspective Projection
	Geometric Perception Pipeline
	Slide Number 30
	What is a camera?
	But real cameras hide many complex details!
	Introduction to Perspective Projection
	Perspective Projection => Pinhole Camera Model
	Pinhole camera model (visualized in 2D)
	Pinhole camera model (visualized in 2D)
	Pinhole camera model with the image plane in front
	Basic Perspective Projection Equations, now in 3D 
	Perspective Projection in Renaissance Art
	Slide Number 55
	Slide Number 57
	What properties are preserved by perspective projections?
	Perspective effects
	Perspective effects
	Slide Number 61
	Dolly Zoom or “Vertigo” Effect: z-motion and Zoom
	Dolly Zoom or “Vertigo” Effect: z-motion and Zoom
	Zoom vs distance…
	Slide Number 65
	Slide Number 67
	Human visual system is aware of perspective effects!
	Visual Illusion 
	Slide Number 73
	Slide Number 74
	Ames Room Illusion
	Ames Room Illusion
	Slide Number 77
	Vector Algebra Recap: Dot Products
	Vector Algebra Recap: Matrix Products
	CIS 580��Machine Perception
	Last class recap
	Review: (Euclidean) Geometric Concepts Through Matrix-Vector Algebra
	Points and Lines in Euclidean 2D (shortcut  ℝ 2 )
	Points and Planes in Euclidean 3D (shortcut  ℝ 3 )
	Lines in  ℝ 3 
	Lines in  ℝ 3 
	Slide Number 89
	Transformations in  ℝ 3 
	Transformations in  ℝ 3 
	Transformations in  ℝ 3 
	Transformations in  ℝ 3 
	Transformations in  ℝ 3 
	Transformations in  ℝ 3 
	Hierarchy of Transformations
	Slide Number 99
	Projective Geometry
	Vanishing points
	Slide Number 103
	Where vanishing points come from
	Slide Number 108
	Slide Number 109
	CIS 580��Machine Perception
	Course Team Spring’ 24
	How to Speak With The Course Team
	Review: Projective Geometry
	Review: “Homogeneous coordinates”: Euclidean  ℝ 𝑛  → Projective  ℙ 𝑛  
	Review: Projective  ℙ 𝑛  → Euclidean  ℝ 𝑛 
	Review: What about when 𝑤=0?
	Review: Perspective Projections are Linear in ℙ
	Review: The projective plane in computer vision
	Slide Number 122
	Projective lines
	Projective Lines
	Line passing through two points in  ℙ 𝟐 
	Line passing through two points in  ℙ 𝟐 
	Vector Algebra Recap: Cross Products
	Line passing through two points in  ℙ 𝟐 
	The other way: Intersection point of two lines in  ℙ 𝟐 
	Intersection point of two lines in  ℙ 𝟐 
	Intersection point of two lines in  ℙ 𝟐 
	Slide Number 134
	Projective geometry ↔ Euclidean interpretation
	Exercise
	Point at infinity / “ideal” points
	“Ideal” points, or points at infinity
	“Ideal” points
	“Line at infinity”
	Slide Number 152
	Recall: Camera Projection Equation 
	Camera Coordinate System + Principal Point Offset
	Projection equation with image origin ≠ principal point 
	From camera to world: Euclidean transformation
	Putting the pieces together: Projection matrix P
	Summarizing
	Perspective Projection in homogeneous coordinates
	Slide Number 165
	CIS 5800��Machine Perception
	Recap: Projective lines
	Recap: Projective Lines
	Recap: Line passing through two points in  ℙ 𝟐 
	Recap: Line passing through two points in  ℙ 𝟐 
	Recap: Intersection point of two lines in  ℙ 𝟐 
	Recap: Geometry interpretation of Intersection point of two parallel lines in  ℙ 𝟐 
	Recap: Geometry interpretation of Intersection point of two parallel lines in  ℙ 𝟐 
	Recap: Point at infinity / “ideal” points
	Recap: Point at infinity / “ideal” points
	Recap: “Line at infinity”
	Recap: Perspective projection equations
	Recap: DOFs in camera projection matrix
	Slide Number 184
	Projective Transformations
	Projective Transformation = Homography �= Collineation=Projectivity
	Projective Transformation = Homography �= Collineation=Projectivity
	Slide Number 190
	Slide Number 191
	Place in the Hierarchy of Transformations
	A perspective camera projection of a plane (i.e., a camera image) is a projective transformation in  ℙ 𝟐 
	Projective Transformations In Computer Vision
	Perspective Projection -> Homography
	Assume world plane  𝑍 𝑤 =0
	Pose From Homography
	Localization w.r.t. known planes using homographies
	Slide Number 200
	Slide Number 201
	Computing Homographies From �4 Point Correspondences
	How can we compute the projective transformation between a known pattern and its projection?
	The result of such a transformation would map any point in one plane to the corresponding point in the other
	How can we compute the projective transformation between a known pattern and its projection?
	Slide Number 206
	Solution: Introduce a 4th point correspondence D
	Slide Number 209
	Slide Number 210
	Slide Number 211
	Slide Number 212
	Slide Number 213
	Slide Number 214
	Slide Number 215
	Slide Number 216
	Slide Number 217
	Slide Number 218
	Slide Number 219
	CIS 5800��Machine Perception
	Office Hours
	Spring 2024 Tentative Schedule
	Spring 2024 Tentative Schedule
	Recap: Projective Transformation = Homography �= Collineation=Projectivity
	Recap: Place in the Hierarchy of Transformations
	Recap: Perspective Projection -> Homography
	Recap: Assume world plane  𝑍 𝑤 =0
	Recap: Pose From Homography
	Recap: How can we compute the projective transformation between a known pattern and its projection?
	Slide Number 232
	Recap: Solution: Introduce a 4th point correspondence D
	Slide Number 234
	Slide Number 235
	Slide Number 236
	Slide Number 237
	Slide Number 238
	Homography -> Virtual Billboards
	Microsoft Office Lens App
	Office Lens
	Slide Number 242
	Computing homographies with more correspondences
	Converting to a linear system of equations
	Computing homographies with more correspondences
	Slide Number 246
	Using homographies to measure lengths!
	Motivation: making measurements using H
	Slide Number 258
	Slide Number 259
	Slide Number 260
	Slide Number 261
	Projecting the line at infinity to compute the horizon
	Deriving the equation of a horizon in another way
	Slide Number 264
	Slide Number 265
	Projecting the line at infinity to compute the horizon
	Slide Number 268
	Using the horizon to orient the camera
	How Artists Find Vanishing Points
	Vanishing Rays are Parallel to the World Line
	Slide Number 272
	Slide Number 273
	Horizon gives complete info about how ground plane is oriented*! ��Thumb rule: “If horizon is horizontal & central, camera is correctly vertical & principal axis is parallel to world plane**!”
	Slide Number 275
	CIS 5800��Machine Perception
	Recap:
	Recap: Projective Geometry
	Recap: Projective Geometry
	Recap: Projective Geometry
	Recap: Projective Geometry
	Recap: Projective Geometry
	Recap: Projective Geometry
	Recap: Projective Geometry
	Recap: Projective Geometry
	Recap: Projective Geometry
	Recap: Vanishing Points
	Recap: Vanishing Points
	Slide Number 289
	Recap: Homography = Projective Transformation
	Recap: Homography = Projective Transformation
	Recap: Homography = Projective Transformation
	Recap: Homography = Projective Transformation
	Recap: Homography = Projective Transformation
	Recap: Homography = Projective Transformation
	Recap: Homography = Projective Transformation
	Recap: Homography = Projective Transformation
	Recap: Homography = Projective Transformation
	Recap: Homography = Projective Transformation
	Recap:
	Slide Number 303
	Horizon gives complete info about how camera is oriented w.r.t. world plane*! ��
	Recap: Assume world plane  𝑍 𝑤 =0
	Recap: Pose From Homography
	Horizon gives complete info about how camera is oriented w.r.t. world plane*! ��Thumb rule: “If horizon is horizontal & central, camera is correctly vertical & principal axis is parallel to world plane**!”
	Slide Number 308
	Horizon below middle of image => �we are looking upwards
	Horizon below middle of image => �we are looking upwards
	Horizon above middle of image => �we are looking downwards
	Horizon above middle of image => �we are looking downwards
	Horizon above middle of image => �we are looking downwards
	Summing up
	Slide Number 317
	Slide Number 320
	How to compute intrinsics 𝐾 from vanishing points
	A scene with three orthogonal sets of parallel lines
	Line connecting AB is the horizon!
	C is the vertical vanishing point! 
	Let’s look at ABC as a tetrahedron OABC incl the projection center 
	Let H be the orthocenter of the triangle ABC
	Slide Number 329
	Let H be the orthocenter of the triangle ABC
	Side note: perpendicular lines and planes
	Side note: perpendicular lines and planes
	Slide Number 333
	We found the image center! What about the focal length (f=OH)?�Can it be computed from A,B, and C ?
	Three orthogonal vanishing points (if none is at infty) allow computation of full intrinsics K (focal length and image center)!
	Slide Number 339
	CIS 5800��Machine Perception
	Administrivia
	Administrivia
	Last class recap
	Let H be the orthocenter of the triangle ABC
	Recap: We also know Extrinsics R from VPs
	Last Recap
	Cross Ratios & Length Measurements from Single Images (“Single View Metrology”)
	Are lengths preserved under homography?
	Projection of a circle
	Length ratios under homography
	What metric property along a line is preserved under a projective transformation?
	Cross Ratios of Collinear Points
	Slide Number 363
	Slide Number 364
	Example: Cross ratios for metrology
	What happens when one of the points is at infinity?
	What happens when one of the points is at infinity?
	Vanishing points allow us to measure length ratios!
	Also, world plane length ratios determine vanishing points!
	Slide Number 371
	Measuring heights, i.e. distances from a world plane
	Length transfer in 3D
	Distance Transfer: How tall is the man if the statue is 180cm ?
	1. Find horizon (from homography, or by finding VPs)
	1. Find horizon (from homography, or by finding VPs)
	2. Connect the feet of the man and the statue and find intersection a’ with horizon!
	3.  Connect a with top of statue  𝒕 𝟏 . Then 𝐀 𝑻 𝟏  is parallel to the ground, �hence 𝑴 𝑩 𝟐  is the same length as the statue.
	Elaborating on “𝑨 𝑻 1 is parallel to the ground”
	3.  (repeat) Connect a with top of statue  𝒕 𝟏 . Then 𝐚 𝒕 𝟏  is parallel to the ground, hence 𝒎 𝒃 𝟐  is the same height as the statue.
	4. But we want  𝑩 𝟐  𝑻 𝟐  in the world ! �How can we compute the ratio  𝑩 𝟐  𝑻 𝟐 / 𝑩 𝟐 𝑴 ?
	4. Only if we know a vanishing point in the vertical direction. Let  𝐵 𝟏  𝑇 𝟏  and  𝐵 𝟐 𝑀 intersect at a vertical VP 𝑣 (might be at ∞ or not) .
	5. Then cross ratio of {v, t2, m, b2} = ratio  𝑩 2  𝑻 2 :  𝑩 𝟐 𝑴
	Single View Metrology via Cross Ratios
	Slide Number 387
	Fixing Camera 6DoF Pose Estimation w.r.t world plane
	Camera 6DOF pose
	Recall: we know how to find homography w.r.t. a planar pattern in the world.
	Recall: homography gives pose (given intrinsics K) 
	But actually, not quite!
	The macabre Greek legend of Procrustes
	Slide Number 397
	Kabsch algorithm for Procrustes (proof in supp readings)
	Full Kabsch algorithm for finding pose via homography
	So now, camera pose (actually) known w.r.t world plane!
	Slide Number 402
	CIS 5800��Machine Perception
	Aside: Engineers Use “Orthographic” Projections
	Recap: Cross Ratios of Collinear Points
	Recap: Cross ratios for metrology
	Recap: Length transfer in 3D
	Recap of “Fixing pose from homography”
	Kabsch algorithm for Procrustes (proof in supp readings)
	The Kabsch papers (<1 pg each!)
	Full Kabsch algorithm for finding pose via homography
	So now, we finally have valid camera pose/extrinsics!
	World→Camera frame Euclidean transformation
	World→Camera frame Euclidean transformation
	Slide Number 417
	CIS 5800��Machine Perception
	Administrivia
	Recap: World→Camera frame Euclidean transformation
	Slide Number 421
	Applying extrinsics (and intrinsics) for 3D shape projection
	Application of pose: projecting a solid shape into the world
	Application of pose: projecting a solid shape into the world
	Application of pose: projecting a solid shape into the world
	Slide Number 427
	Pose from Point Correspondences,�the Perspective N Point Problem (PnP)
	Localization by observing known 3D points from the world?
	Navigation with “bearings” from 2 points
	Simplified 3-Point Problem w. 3D Camera Coordinates
	Slide Number 435
	The Perspective 3-Point Problem
	P3P from Pixels
	Pixels → “Calibrated coordinates”
	Calibrated coordinates + distance = Camera-centric 3D 
	P3P from Pixels Calibrated Coordinates
	P3P from Calibrated Coordinates
	High School Flashback: Triangle Cosine Law
	P3P Step 1: Finding depths  𝒅 𝒊  of triangle vertices
	Slide Number 444
	P3P Step 1: The algebraic drudgery 
	Reference for full version of P3P algebraic drudgery
	End result of algebraic drudgery
	Aside: Depth cameras
	Slide Number 449
	P3P Step 2: 3D->3D Pose/ 3D Registration. Find R&T!
	3D-3D registration is independently interesting
	3D-3D registration is independently interesting
	3D-3D registration is independently interesting
	Slide Number 465
	Slide Number 468
	Slide Number 469
	Reducing to Procrustes problem
	Slide Number 471
	CIS 5800��Machine Perception
	Recap: Localization by observing known 3D points from the world?
	Recap: The Perspective 3-Point Problem
	Pixels → “Calibrated coordinates”
	Recap: P3P from Pixels Calibrated Coordinates
	Recap: P3P from Calibrated Coordinates
	Recap: High School Flashback: Triangle Cosine Law
	Recap: P3P Step 1: Finding depths  𝒅 𝒊  of triangle vertices
	Recap: P3P Step 2: 3D –> 3D
	Recap: P3P Step 2: 3D –> 3D
	Recap: Reducing to Procrustes problem
	Kabsch Algorithm for 3D->3D
	Extensions of 3D Point Set registration: Iterative Closest Point (ICP)
	Extensions of 3D Point Set registration: Iterative Closest Point (ICP)
	Note: Interpreting 3D Point Set Registration
	P3P v.s. Homography
	Recap: Pose From Homography
	Recap: How can we compute the projective transformation between a known pattern and its projection?
	Slide Number 491
	Recap: Solution: Introduce a 4th point correspondence D
	Slide Number 493
	P3P v.s. Homography
	Slide Number 502
	PnP produces non-unique solutions (𝑛>3)?
	Direct solution for PnP: Steps
	Direct solution for PnP: Steps
	Direct solution for PnP: Steps
	We meet Procrustes and Kabsch yet again
	Slide Number 509
	Calibrating Camera Under More General Intrinsics
	Recap: Perspective Projection Matrix
	Generalizing intrinsics (1/2)
	What Does (Intrinsics) “Calibration” Do?
	Method: High-Level Overview
	Method: High-Level Overview
	Generalizing intrinsics (2/2)
	Parametrizing radial distortion in large field-of-view cameras
	What Does (Intrinsics) “Calibration” Do?
	Colab worksheet (Camera Calibration with OpenCV)!
	https://learnopencv.com/camera-calibration-using-opencv/
	Output: Undistorted images and video!
	Summary of Tools for Single-View Geometry (1/2)
	Summary of Tools for Single-View Geometry (2/2)

