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Administrivia

• HW1, due TODAY. 
• HW2, will release this Thursday. 



Aside: Engineers Use “Orthographic” Projections

• Image formed by rays orthogonal to the image plane, hence “orthographic”. 
Field of view limited by size of image plane. 

• In perspective projection which happens in eyes and cameras, rays pass 
through a camera center. Much larger field of view.  



Recap: Cross Ratios of Collinear Points

Brannan et al. Geometry Girard Desargues (1591-1661)

Note: CR takes different values for different orderings of points, 
but it is preserved under homography for any given ordering. 
e.g., CR (A, C, B, D) is also preserved.  

Pappus (290-350 AD)



Recap: Cross ratios for metrology
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Recap: Length transfer in 3D

• In the real 3-D world, you can compare one object with known length to 
another to “transfer” its length. This is what you do with a ruler, for 
example.

How to do this in an image?

ZH Sec 8.7



Recap: “Fixing pose from homography”

• 𝐾𝐾−1𝐻𝐻 is supposed to be our estimate of [𝑟𝑟1, 𝑟𝑟2,𝑇𝑇], but there are no 
guarantees that 𝑟𝑟1 and 𝑟𝑟2 are in fact orthonormal, as they should be.

• So we construct the “Procrustes” problem of finding the “closest valid 
rotation matrix 𝑅𝑅” to 𝐾𝐾−1𝐻𝐻 



(In case original columns were not even unit norm)

Recap: Kabsch algorithm for Procrustes

Proof in class notes, optional
proof in supp readings- Kabsch-Algorithm-RT-from-H-proof.pdf. We will also prove it in the next class. 



References: The Kabsch papers

Kabsch ‘76: A solution for the best rotation to relate two sets of vectors

Kabsch ‘78: A discussion of the solution for the best rotation to relate two sets of vectors

https://scripts.iucr.org/cgi-bin/paper?a12999


Recap: Full Kabsch algorithm for finding pose via homography

𝑎𝑎 𝑏𝑏 = 

Scale R to have determinant 1 if needed.

Alternative to running 
Kabsch including the 3rd 
column c = ℎ1′ × ℎ2′ as on 
last slide  

(ℎ1′  ℎ2′  ℎ3′ )

(ℎ1′  ℎ2′  ℎ3′ ) (𝑟𝑟1 𝑟𝑟2 𝑇𝑇)

(ℎ1′  ℎ2′ )



So now, we finally have valid camera pose/extrinsics!



Recap: Pose From Homography

The planar homography 
𝐻𝐻:ℙ2 → ℙ2

Computing the homography 
can tell us how the camera 
(and therefore, e.g. a robot 
attached to the camera) is 
oriented w.r.t. to a world 
plane! (assuming known K)

Q: Where do you get 𝒓𝒓3 from 
though? A: 𝒓𝒓3 = 𝒓𝒓1 × 𝒓𝒓2



Recap: From world to camera: Euclidean transformation

𝑋𝑋𝑐𝑐
𝑌𝑌𝑐𝑐
𝑍𝑍𝑐𝑐

= 𝑅𝑅3×3

𝑋𝑋𝑤𝑤
𝑌𝑌𝑤𝑤
𝑍𝑍𝑤𝑤

 +  𝑡𝑡 = 𝑅𝑅3×3 𝒕𝒕
0 1 𝑿𝑿𝒘𝒘 

What do 𝑹𝑹 and 𝒕𝒕 mean exactly?
𝑹𝑹 denotes the rotation of the world axes w.r.t. 
camera axes 
= inverse rotation of the camera axes w.r.t. world 
axes. 

What about 𝒕𝒕? 
If 𝒂𝒂 were the translation of the world origin from 
the camera origin, then 𝑅𝑅(𝑥𝑥 + 𝑎𝑎) would be the 
camera coords of a world point 𝑥𝑥. i.e. 𝑅𝑅𝑥𝑥 + 𝑅𝑅𝑎𝑎. So 
𝒕𝒕 here is actually 𝑅𝑅 times the translation of world 
origin from camera origin.



Applying extrinsics (and intrinsics) for 3D shape projection
Can do AR-style projection of a 3D object onto the world plane once the full 
extrinsics and intrinsics are known!  You will do this in HW2. 

IKEA App, image from WIRED.



Application of pose: projecting a solid shape into the world

• Our normal projection equations tell us how world points in world 
coordinates project onto a camera, given camera pose (𝑅𝑅,𝑇𝑇) and intrinsics 𝐾𝐾

𝒙𝒙~𝐾𝐾 𝑅𝑅 𝒕𝒕 𝑿𝑿𝒘𝒘



Application of pose: projecting a solid shape into the world

• Suppose the shape is expressed by the positions of points 𝑋𝑋𝑠𝑠 in a ”shape-
coordinate system”

Coordinate system attached to the object



Application of pose: projecting a solid shape into the world

• First find 𝑅𝑅𝑠𝑠𝑤𝑤 , 𝑡𝑡𝑠𝑠𝑤𝑤 that convert object-centric coordinates 𝑋𝑋𝑠𝑠 into world-
centric coordinates 𝑿𝑿𝑤𝑤 = 𝑅𝑅𝑠𝑠𝑤𝑤𝑿𝑿𝑠𝑠 + 𝒕𝒕𝑠𝑠𝑤𝑤 to place the object at the right 
place in the world. (Think: what do 𝑅𝑅𝑠𝑠𝑤𝑤  and 𝑡𝑡𝑠𝑠𝑤𝑤 mean exactly?) 

• Then just render the object points at 𝐾𝐾 𝑅𝑅 𝒕𝒕]𝑿𝑿𝒘𝒘





Pose from Point Correspondences,
the Perspective N Point Problem (PnP)



Localization by observing known 3D points from the world?

A real problem for autonomous cars, for example! 
GPS: ~ a few feet accuracy. Just not good enough.

Instead, autonomous cars rely on 3D maps of the world to localize!



Navigation with “bearings” from 2 points

Fixed
angle

A

B

If I observe two lighthouses being some fixed angle 𝜃𝜃 apart, where am I?

Two points are not sufficient.
Camera could be anywhere on an upper semicircle in 2D. 

Worse in 3D: anywhere on a toroid in 3D. Need more points!



The Perspective 3-Point Problem

Jingnan Shi, https://jingnanshi.com/blog/pnp_minimal.html

• Given the point correspondences, find camera pose 𝑅𝑅,𝑇𝑇

What are the differences from 4-Point Algorithm?

https://jingnanshi.com/blog/pnp_minimal.html


The 3D->3D 3-Point Problem: Find camera pose  𝑅𝑅,𝑇𝑇 such that
𝑃𝑃1𝑐𝑐 = 𝑅𝑅𝑃𝑃1 + 𝑇𝑇
𝑃𝑃2𝑐𝑐 = 𝑅𝑅𝑃𝑃2 + 𝑇𝑇
𝑃𝑃3𝑐𝑐 = 𝑅𝑅𝑃𝑃3 + 𝑇𝑇

A triangle’s world 3D coordinates 𝑃𝑃𝑖𝑖 ∈ ℝ3 are known, and its camera-centric 
3D coordinates 𝑃𝑃𝑖𝑖𝑐𝑐 ∈ ℝ3 are known

Simplified 3-Point Problem w. 3D Camera Coordinates

Full camera coordinates may come from depth cameras, but otherwise, we 
only have pixel coordinates.

Plan: starting from only pixel coordinates, first reduce the problem to 3D->3D. 
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